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Abstract. We study the class of all rearrangement-invariant (=r.i.) func- 
tion spaces E on [0, 1] such that there exists < q < 1 for which |] ^2" £fc II B ^ 
Cn q , where {§fc}k>i C E is an arbitrary sequence of independent identically 
distributed symmetric random variables on [0, 1] and C > does not depend 
on n. We completely characterize all Lorentz spaces having this property and 
complement classical results of Rodin and Semenov for Orlicz spaces exp(L p ), 
p > 1. We further apply our results to the study of Banach-Saks index sets in 
r.i. spaces. 



1. Introduction 

A classical result of Rodin and Semenov (see [T7] or jT5J Theorem 2.b.4]) says 
that the sequence of Rademacher functions {rk}k>i on [0, 1] in a r.i. space E is 
equivalent to the unit vector basis of li if and only if E contains (the separable part 
of) the Orlicz space Ln 2 (0, 1) (customarily denoted as exp(L2)) where A^(t) = 
e — 1. Here, {rk}k>i may be thought of as a sequence of independent identically 
distributed centered Bernoulli variables on [0,1]. A quick analysis of the proof 
(see e.g. [15l p. 134]) shows that the embedding exp(L2) C E is established there 
under a weaker assumption that {rk}k>i is 2-Banach-Saks sequence in E, that is 
II E™_ r k\\ B — Cn 1 / 2 , where C > does not depend on n > 1. The main object 
of study in the present article is the class of all r.i. spaces E such that there exists 
< q < 1 for which 

n 

\\^k\\E<Cn", (1) 

fc=i 

where {£fc}fc>i C E is an arbitrary sequence of independent identically distributed 
symmetric random variables on [0, 1] and C > does not depend on n. We com- 
pletely characterize all Lorentz spaces from this class in Corollary [13] below. In 
Theorem [23] we obtain sharp estimates of type ([1]) for the Orlicz spaces exp(L p ) = 
Ln p (0, 1), 1 < p < oo where N p (t) = e* P — 1 complementing results of [T7] (see also 
exposition in |10j). Our results have also a number of interesting implications to 
the study of Banach-Saks type properties in r.i. spaces. 

Recall that a bounded sequence {x n } C E is called a p-BS-sequence if for all 
subsequences {yk} C {x n } we have 

sup m^p / yk\\ < oo. 
m eN Wfr[ We 



1991 Mathematics Subject Classification. 46E30, 46B20. 

Key words and phrases. p-Banach Saks type properties, rearrangement-invariant spaces, 
Khintchine inequality, Kruglov property. 

Research supported by the Australian Research Council. 



1 



2 



We say that E has the p-BS-property and we write E G BS(p) if each weakly null 
sequence contains a p-BS-sequence. The set 

T(E) = {p : p > 1, E G BS(p)} 

is said to be the index set of E, and is of the form [1,7], or [1, 7) for some 1 < 7. 

If, in the preceding definition, we replace all weakly null sequences by weakly 
null sequences of independent random variables (respectively, by weakly null se- 
quences of pairwise disjoint elements; by weakly null sequences of independent 
identically distributed random variables), we obtain the set Ti(E) (respectively, 
Ta(E), Tad (E)). The general problem of describing and comparing the sets T(E), 
Ti(E), riid(-E)) and Ta(E) in various classes of r.i. spaces was addressed in [T9l [TT1 
HIJ [TJ EMEU- In particular, it is known [Q that 1 G T(E) C T^E) C T iid (E) C [1,2] 
and Ti(E) C Td(E) for any r. i. space E. Moreover, the sets T(E) and Ti(E) co- 
incide in many cases but not always. For example, T(L P ) = Ti(L p ) = Tn d (L p ), 
1 < p < 00 (see e.g. [20l Corollary 4.4 and Theorem 4.5] and also Theorem [TBI 
below), whereas for the Lorentz space £2,1 generated by the function ip(t) = t 1 / 2 , 
we have T(L 2 ,i) = [1,2) and ^(£2,1) = [1,2] ([101 Theorem 5.9] and [TJ Propo- 
sition 4.12]). It turns out that these two situations are typical [2TJ Theorem 9]: 
under the assumption that T(E) 7^ {1}, we have either Ti(E) \ T(E) = or else 
T i (E)\T(E) = {2}. 

The present paper may also be considered as a contribution to the study of the 
class of all r.i. spaces E such that T^{E) = Ti{E). We prove a general theorem 
(see Theorem CH below) that T iid (E) = T^E) if and only if T m (E) C T d (E). It is 
easy to see that every Lorentz space A(^>) satisfies the latter condition and, using 
the main result described above, we give a complete characterization of all Lorentz 
spaces E = A(tp) such that F iid (i?) ^ {1} (see Theorem [2T1 and Corollary 122]). 

It also pertinent to note here, that if one views the Rademacher system as a 
special example of sequences of independent mean zero random variables, then a 
significant generalization of Khintchine inequality is due to W.B. Johnson and G. 
Schechtman [TJ]. They introduced the r.i. space Z\ on [0, 00) linked with a given 
r.i. space E on [0, 1] and showed that any sequence {fkJ'kLi of independent mean 
zero random variables in E is equivalent to the sequence of its disjoint translates 
{/&(•) '■— fk{- — k + l)}feLi in Z%, provided that E contains an i p -space for some 
p < 00. This study was taken further in [BJ [Q [H [5] , where the connection between 
this (generalized) Khintchine inequality and the so-called Kruglov property was 
established (we explain the latter property in the next section). We show the 
connection between the class of all r.i. spaces with Kruglov property and the 
estimates (jTJ) in Theorem [3] Recently, examples of r.i. spaces E such that T(E) = 
{1} but Ti(E) ^ {1} have been produced in [2 under the assumption that E has 
the Kruglov property. Our approach in this paper complements that of [2]; in 
particular, we present examples of Lorentz and Marcinkiewicz spaces E such that 
Fi(£') = Fiid(-E') ^ {1} and which do not possess the Kruglov property. 

Finally, we show that the equality Tii d (E) — Ti{E) fails when E is a classical 
space L pq , 1 < q < p < 2. 

2. Definitions and preliminaries 

2.1. Rearrangement-invariant spaces. A Banach space (E, \\-\\ B ) of real- valued 
Lebesgue measurable functions (with identification m-a.e.) on the interval [0, 1] will 
be called rearrangement-invariant (briefly, r. i.) if 

(i). E is an ideal lattice, that is, if y G E, and if x is any measurable function 
on [0, 1] with < \x\ < \y\ then x G E and \\x\\ E < \\y\\ E ; 
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(ii). E is rearrangement invariant in the sense that if y € E, and if x is any 
measurable function on [0, 1] with x* = y*, then x G E and ||x|| E = \\y\\ E - 

Here, m denotes Lebesgue measure and x* denotes the non-increasing, right-continuous 
rearrangement of x given by 

x*(t) = inf{ s > : m({u G [0, 1] : | x(u) |> s}) < t }, t > 0. 

For basic properties of r.i. spaces, we refer to the monographs [131 US]. We note 
that for any r.i. space E we have: L x [0, 1] C E C ii[0, 1]. We will also work with 
a r.i. space E{^l : V) of measurable functions on a probability space (f^,? 5 ) given by 

E(Q,V) := {/ G : /* G £}, \\f\\ E (,n,v) ■= \\f*\\x- 

Here, the decreasing rearrangement /* is calculated with respect to the measure V 
on ft. 

Recall that for < r < oo, the dilation operator <r T is defined by setting 



a T x{t) = 



x(t/r), < t < min(l,r) 
0, min(l,r) < t < 1. 



The dilation operators a T are bounded in every r.i. space E. Denoting the space 
of all linear bounded operators on a Banach space E by C(E), we set 

,. ln||cr T || £(E) ln||ov|| £(iJ) 

a E := hm , p E := hm . 

r->o inr r-s-oo inr 

The numbers a E and /3 E belong to the closed interval [0, 1] and are called the Boyd 
indices of E. 

The Kothe dual E x of an r.i. space E on [0, 1] consists of all measurable functions 
y for which 

NI E x - sup {/ Ht)y(t)\dt: xeE, \\x\\ E <l} <oo. 

If denotes the Banach dual of E, then E x C and S x = if and only if E is 
separable. An r.i. space E is said to have the Fatou property if whenever {f n }^Li ^= 
E and / measurable on [0, 1] satisfy f n — > f a.e. on [0, 1] and sup n ||/ n || E < oo, 
it follows that / G E and ||/|| E < lim inf ||/ n || B - It is well-known that an r.i. 
space E has the Fatou property if and only if the natural embedding of E into its 
Kothe bidual E xx is a surjective isometry. 

Let us recall some classical examples of r.i. spaces on [0, 1]. Denote by ^5> the 
set of all increasing continuous concave functions on [0, 1] with ip(0) = 0. Each 
function ip G 'J generates the Lorentz space A(<p) (see e.g. [T3]) endowed with the 
norm 

l 



IWUm = J x*(t)d<p(t) 



and the Marcinkiewicz space M(ip) endowed with the norm 

T 

IWIm^) = sup —rr / x*(t)dt. 

0<t<1 f{T) J 


The space M(ip) is not separable, but the space 

x G Mhp) : hm — !— / x*(t)dt = 

r^O (p[T) J 
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endowed with the norm || • ||m(ip) is a separable r.i. space (denoted further as 
(M(ip)o), which coincides with the closure of L m in (M(ip), || • ||m( v ))- 
It is well known (see e.g. [131 Section II. 1]) that 

PmM = 1 a AM = «=► Vt G (0, l)3(s„)„>i C (0, 1) : lim = 1; 

«M( y ) = /8a(v>) = 1 > 13(s n ) n >i C (0, 1) : lim — = r. 

ft t OO I ^ 77, / 

If M(t) is a convex increasing function on [0, oo) such that M(0) = 0, then the 
Orlicz space Lm on [0, 1] (see e.g. [131 US]) is a r.i. space of all x £ £i[0, 1] such 
that 



||x|| La/ := inf{A : A > 0, J M(\x(t)\/X)dt < 1} 



< oo. 



The function N p (u) = e u - 1 is convex for p > 1 and is equivalent to a convex 
function for < p < 1 (see e.g. [3 |3j). The space Ljy p , < p < oo is customarily 
denoted exp(L p ). 

2.2. The Kruglov property in r.i. spaces. Let / be a random variable on [0, 1]. 
By 7r(/) we denote the random variable JDiLi fh where /j's are independent copies 
of / and N is a Poisson random variable with parameter 1 independent of the 
sequence {/i}. 

Definition. An r.i. space E is said to have the Kruglov property, if and only 
iffeE^ir(f)eE. 

This property has been studied by M. Sh. Braverman [B] which uses some earlier 
probabilistic constructions of V.M. Kruglov 13] and in [31 IH [5] via an operator 
approach. It was proved in [5], that an r.i. space E satisfies the Kruglov property 
if and only if for every sequence of independent mean zero functions {/„} G E the 
following inequality holds 

n n 

\\^fk\\E< const -\\Yj k \\z%' ( 2 ) 
fc=i fe=i 

Here, Z E is an r.i. space on (0, oo), equipped with a norm 

IMI = ||z*X[0,l]l|s + I|2 ; *X[1,oo)||l 2 

and the sequence {]kYk=\ — ^ s a sequence of disjoint translates of {fk\k=i £ %i 
that is, fk(-) — fk{- — k+1). Note that inequality © has been proved earlier in [T2] 
(see inequality (3) there) under the more restrictive assumption that E D L p for 
some p < oo. Clearly, the latter assumption holds if ctE > 0. 

3. Operators A n , n>0 

Let f2 be the segment [0, 1], equipped with the Lebesgue measure. Let E be an 
arbitrary rearrangement invariant space on fi. 

For every n > 1, we consider the operator A n : E(SY) — s- E( £l x £1 x ■ ■ ■ x f2 ) 

2n times 

given by 

Anf = (/ <g r) ® (1 ® 1) (g • • • ® (1 ® 1) + (1 <g 1) <g (/ (g) r) (g • • • ® (1 ® 1) H 

1- (1 <g> 1) <g • • • <g> (1 <g 1) <g (/ <g> r), 

where r is centered Bernoulli random variable. For brevity, we will also use the 
following notation 

A n f = (/ ® r)i + (/ (g r) 2 + ••• + (/ (g r)„. 



We set A = 0. 

The following theorem is the main result of the present section. 

Theorem 1. The following alternative is valid in an arbitrary r.i. space E. 

(i) . ||.An||£(.E) = n for every natural n; 

(ii) . There exists a constant | < q < 1, such that \\A n \\^r E \ < const ■ n q for all 

n G N. 

Proof. Since for all n, to > 0, we have 

ll^n+mlU^) < ll^nllcCB) + 1 1 An 1 1 £(E) j (3) 

and since ||/(g> r\\ E = we infer that ||Ai|U(.e) < n. 

Observing that A mn (f) and A m (A n (f j) are identically distributed, we have 

\\A mn (f)\\E=\\A m (An(f))\\E, /G£(0). 

Here, we identify the element A n f G E(il x ■ • • x f2) with an element from E(SY) 
via a measure preserving transformation fi x • • • x — > fl. Hence, 

In times 

\\A m n\\c{E) < ||An|U(B) " ( 4 ) 

Thus, we have the following alternative: 

(i) . 1 1 A n \ \c(E) = n f° r every natural n; 

(ii) . There exists no > 2, such that || A, ||.£(-E) < no- 

To finish the proof of Theorem [TJ we need only to consider the second case. 
Suppose there exists a constant | < q < 1, such that ||A ||,c(-E) < n^. By (g]) we 
have 

II AC HAS) ^ ll^no 112(B) < <™, Vto G N. 

Every n can be written as yi-_Q a.;n , where < < no — 1 and ^ 0. So, 
using © and (HJ), we have 

k k 

\\A n \\ C (E) < \\ A a in i\\c{E) < W A ^Wc(E)n q o < 
i=0 i=0 

k q qk 

<(EO ™ x {\\M\c{E)}< max {||A|U (B) }. 

Now, using the fact that q > \ and no > 2, we have n$ — 1 > (\/2 — 1). So, 



-ir— r <>/2 + i. 

Since n§ < n, we have 

IIAIUge) < (V2+ 1) • • max {\\A S \\ C{E) } ■ n q Q k < const ■ n q . 

l<s<no 

This proves the theorem. □ 

Remark 2. We record here an important connection between the estimates given 
in Theorem\J)(ii) above and the setTad(E), where the r.i. space E is separable. For 
^ < q < 1 the following conditions are equivalent 

(i) ||Ai|U(E) < const -n q , n > 1; 

(ii) ±er iid (£). 
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Indeed, the implication (i) =>■ (ii) is obvious. Now, let the probability space (^,"P) 
be the infinite direct product of measure spaces ([0, l],m). Fix f € E and consider 
the sequence {(/® r) n } n >i C E(Cl,V). It follows from [2lJ Lemma 3.4] that this 
sequence is weakly null in E(fl,V). Since the spaces E and E(tt,V) are isometric, 
we obtain the implication (ii) (i) via an application of the uniform boundedness 
principle. 

We complete this section with an estimate of ||A„||£(£;), n > 1 in general r.i. 
spaces with the Kruglov property. 

Theorem 3. Let E be a separable r.i. space. If (3e < 1 cmd if E satisfies the 
Kruglov property, then \\A n \\c(E) < const ■ n q for all sufficiently large n > 1 and 
any (3e < q < 1. 

Proof. It is proved in Proposition 2.2] (see also [TBJ Theorem 1]), that for every 
r.i. space E and an arbitrary sequence of independent random variables {fk}k=i 
(n > 1) from E, the right hand side of © can be estimated as 

n n 

ll£7 fc Hz| <6||(]T/ fc 2 ^|| B . (5) 

fc=l k=l 

Now, assume in addition that the sequence {fk}k=i i n ^ 1) consists of indepen- 
dent identically distributed random variables, ||/i||_e = 1- Since /3e < 1, there exist 
N and (3e < q < 1 such that for every k > N \\(Tk\\c(E) < k q . Fix e > such that 
| + e < q. By [211 Theorem 9], in every separable r.i. space E, the right hand side 
of (|5|) can be estimated as 

n . 

\\(J2fk) h \\B<-ma^(l)i +s \\a k \\ ciE y.= A, n > 1. (6) 

L — ' £ l<k<n K 

So, the right hand side of ^ can be estimated as 



4 1 1 1 

A<-n2 +e max| max k~" e k q , max k~^~ e \\ak\\riF,\\ — 

E N<k<n l<k<N k ' 

4 i i 
= maxfji'" 2 ~ e , const} < const ■ n q . (7) 

e 

Recalling the definition of the operator A n and combining it with @, ©, ©, ([7]) 
yields the assertion. □ 

Remark 4. (i) The assumption /3e < I in Theorem^ is necessary (see [TJ 
Theorem 4.2]/ For example, the space E — L\ satisfies the Kruglov prop- 
erty and /3e = I- However, WAnW^t^) = n. 
(ii) On the other hand, the condition that E satisfies the Kruglov property is 
not optimal. In the following section, we will show that there are Lorentz 
spaces which do not possess the Kruglov property and which still satisfy the 
condition of Theorem{^[ii) . 

4. Operators A n , n > 1 in Lorentz spaces. 

We need the following technical facts. The first lemma is elementary and its 
proof is omitted. 

Lemma 5. Let ip is a concave function on [0, 1]. // there are points < x\ < X2 < 
• • • < x n < 1, such that 

-(^(xi) H t/>(x„)) = ^(-(xi H h x„)), 

n n 

then ip is linear on [xi,x n ]. 
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Lemma 6. Let X\,--- ,x n are independent random variables. The following in- 
equality holds. 

Eflrci + • • • + x n \) < E(|xi|) + • • ■ + E(|a; w |). 
Moreover, the equality holds if and only if all x[s are simultaneously non-negative 
(or non-positive). 

Proof. We have 

E(|asi|) + ---+E(|x n |)-E(|xi+---+s n |)=E(|x 1 | + --. + |a: n |-|a:i + ..-+as n |) >0. 

By the independence of x^s, i = 1, 2, • • • , n we have sign(xi), i — 1, 2, • • • ,n are 
independent random variables. If there exists a function Xi, which is neither non- 
negative, nor non-positive, then, for every other function Xj, we have z-z-z-z 

m{xiXj < 0) = m(sign(xi) > 0,sign(xj) < 0) + m{sign{xi) < 0,sign(xj) > 0) 

= m(sign(xi) > 0)m(sign(xj) < 0) + m(sign(xi) < Q)m(sign{xj) > 0) > 0. 

Hence, there exists a set A of positive measure such that XiXj < almost everywhere 

on A. This guarrantees that \x\\ -\ + \x n \ > \x\ + ■ ■ ■ + x n | almost everywhere 

on A. This is sufficient for the strict inequality to hold. □ 

We need to consider the following properties of the function ip. 

iptku) 

a^b := hmsup , . . < k. (8) 
ip(u) 

ib(u l ) 

C/, := limsup , , . < 1. (9) 

u^0 1p{u) 

limsup V V(2 1 " s f n V s ) < n. (10) 

Proposition 7. Suppose, there exist k > 2 such that ((5J) holds and I > 2 such that 
(|9"|) holds. Then, (1101) /io/<is /or aZ/ sufficiently large n. 

Proof. Consider the sum Y^"=i V'((™)2 1_s u s ). For any sufficiently large n, we write 

E-E+ E • 

s=l s=l s=2+[f] 

Consequently, the upper limit in (|10[) can be estimated as 

1 n / \ 1 / \ 

hmsup— -J2 ^(( ]2 1 -«')< hmsup—- V V( h^V^ 

(11) 



Consider the first upper limit in (jlip . Since "0 is concave, we have 

|% ( ( : ) 2 .-.„,, (1 + [ = 1Wl ^ I | , ( : ) 2 .- v) . 

= (! + [ i ])V7( TT[f] (rm + o(u))) - (1 + + 

Hence, the first upper limit in (|11[) is bounded from above by 

(l + [£]W=n-^+o(n). 
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Consider the second upper limit in (ITT1) . It is clear that for all \n < s < n 

2 i-s < 2 « 



and 



)2 1 - s u s < 2 n u* n = (2 k u)* n . 
Thus, the second upper limit in (jlll) can be estimated as 

limsup-L y ^(f n W-' u ') <n(l- ^) limsup ^ ((2 *" )f } . 

Substituting variable w = 2 fe w on the right hand side, we have 

n(l- -)limsup 



fc tu^o ^(2 fe w) 

By the concavity of ?/>, we have V'(2 _fe w) > 2~ k ip(w). Therefore, the second upper 
limit in (fTTj) is bounded from above by 

n(l-i)2Mimsup%^. 

Now, we observe that 

limaup ^l< c p-' (12) 

Indeed, let V <m< l r+1 , 

ip(w m ) tfj(w r ) ip(w r ) ip{ wL ) 

ip(w) ~ ip{ w ) r 4 ) { wlr l ) ip(w) 

and 

lim q,in ^ * < r r < r log(!) 

nm sup v cu v c^, 



If n tends to infinity, then, thanks to the assumption < 1, we have 
n(l-i)2 fc limsup^4^ = o(n). 

Therefore, the upper limit in (fit)]) (see also (jlip ) is bounded from above by 

— -n + o(n). 
k 

Thus, the upper limit in (|10[) is strictly less then n for every sufficiently large n. □ 
Let the function g n be defined by 

(u) ;= PnX[o, u ]llA W = 1 £ ^ (m( | ( r)l + . • • + ( X[M ® r) „| > s) ). 

(13) 

It is obvious that < g n < 1. 

Remark 8. TTie second equality in (|13[) is a corollary of |13l II.5.4]. 
Proposition 9. for sufficiently large n, we have g n (u) < 1 for all u € (0, 1]. 
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Proof. Since tp is concave, we have 

n 

^(?™(|(x[o,«] ® r )H 1" (X[o,u] ® r)«| > s)) < 

s=l 

1 ™ 

^ n • S m (l(X[o,ii] ® r)i + • + (x[o,n] ® r)„| > s)). (14) 

s=l 

Note, that if random variable £ n takes the values 0, 1, • • • , n then 

rt 

*)=E(fn). (15) 

s=l 

By (Unj), the right-hand side of (JUJ is equal to nV>(^E(|(x[o,«] ® r)i H h (X[o,«] ® 

r) n |)). By Lemma O we have 

-E(|(X[o,«] ® r)i + ■ ■ ■ + (X[o,«] <8 r)„|) < E(|x [M] ® r|) = u. (16) 
Taking we obtain 

n^(-E(|(x [0 ,„] ® r)i + •• • + (x[o,«] ® r)„|)) < r#(E(|x[o,«] ® r|)). (17) 

The right hand side of p7|) is equal to mp(u). 

Let us assume that g n (u) = 1, for some u > and some n > 1. It then follows, 
that both inequalities ([T4l and (fT7)l are actually equalities. 

The equality 

n 

53^(m(|(x[o,«] ®r)i H h (x[o,«] ®r)„| > s)) = 

s=l 

1 - 

= n • V(-2j m (KX[o,«] ® r )H + (X[o,«] ® > «)) 

s=l 

implies, by Lemma[5j that tp is linear on the interval [a±, b\] with a\ = ™(|(x[o.«] ® 

r)x H h (X[o,u] ® > «)) an d &i = m(|(x[o,«] ® r )i H 1- (X[o,u] ® »")n| > !)• 

Since the inequality in (117[) is actually an equality, we derive from (I16|) and (|17p , 

that ^ must be a constant on the interval [02, b 2 ] with a 2 = ~E(|(x[o,u] < 8 )r )i + ' ■ ' + 

(X[o,u] ® r )n\), and 62 = E(|xro,«] ® r \)]- Since ip is increasing and concave function, 

it must be a constant on [a-2, 1]. 
Since, by ([15]). 

-E(|(x[o,„] ® r)i H h (x[o,«] ® > m(|(x[o,«] ® r) x H h (x[o,«] ® r) n \ > n) 

and 

^E(|(x[o,«] ®r)i H h(X[o,«] ®r-)„|) < m(|(x[o,«] ® r)i H h (x[o,«] ® > 1)), 

we have ai < a 2 < &2- So, the intersection of the intervals [ai, 61] and [03, 1] contains 
an interval [03, 63] with 03 < 63. 

Since ^ is a linear function on the [a±, b\\ and is a constant on the [02, 1] it must 
be a constant on [a% , 1] that is on the interval 

K|(x[o,«]®r)i + --- + (x[o,«]®r)„| >n),l] = ^-"u",!]. 

Thus, ip is a constant on the interval [2 1_ ™, 1] C [2 1_n u™, 1], which is not the case 
for sufficiently large n. So, g n (u) < 1 for all sufficiently large n. □ 
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Lemma 10. For the function g n , defined in Proposition^ we have 

1 " ( n 

limsup5„(u) = limsup — -— — V" V(2 1_s 
u^o u->o nip(u) \s 

Proof. For every s > 1, using a formula for conditional probabilities, we have 



+ ---+r k \ > s). 



m(|(x [0 ,„]®r) 1 +- • • + (x [ o,„]®r) n | > s) = ^ Mu'(l-u)" fc m(|n 

fe=i 

Actually, the summation above is taken from k = s up to n, since m(|ri + - • '+rfe| > 
s) = for every k < s. 

If now m — > 0, then, for every s > 1 and k > s, we have (^)tt fc (l — u) n ~ k = o(u s ). 
Therefore, 

™(l(X[o,«] ® r)i + •• • + (x[om ® r)„| > a) = 2^ ("V'C 1 + ( 18 ) 



Since ^ is concave, we have 



This implies 



V>(— u) < — i/)(u), < m < 1. (19) 
m m 

hm = L (20 ) 

After applying (TT51) and (|20l) to the definition of g„ in (|13p , we obtain the assertion 
of the lemma. □ 

The following theorem is the main result in this section. 

Theorem 11. Let ip £ ^ . The following conditions are equivalent. 

(i) W-AnWctAMi)) < n fo r a tt sufficiently large n; 

(ii) Estimates 1(5)) and @ hold for some k > 2 and I > 2. 

Remark 12. TVoie £/iai condition (i) above is equivalent to the assumption that 
nolU(A(^>)) < n o f or some n > 1 (see Theorem^). 

Proof. We are interested whether there exist n £ N and c < n, such that 

IK/IUw < c||/IU Wj /eA(# (21) 

We will use the following known description of extreme points of the unit ball in 
A(tp). A function / £ extr(B A ^(0, 1)) if and only if 

l'l = ii-T— 

IIX^IlA(V) 

for some measurable set Ac [0,1]. Here \A is the indicator function of the set A. 
This means that / is of the form 

, _ XM - Xa 2 
^{m{A 1 UA 2 )) 

with A\ and A 2 having empty intersection. It is sufficient to verify (|21j) only for 
functions / as above (see (T3l Lemma II. 5. 2]). 

Clearly, f<E)r and |/| <8>r are identically distributed random variables. Therefore, 
A n (f) and A n (|/|) are also identically distributed ones. Furthermore, ||Am(/)|| = 
ll-^md/DII and ll/H = |||/|||. Thus, we need to check (f2"T|) for indicator functions 
only. It is sufficient to take A of the form [0, w], < u < 1. 

Using the notation g n {-) introduced in (|T^|) . we see that (|2"Tj) is equivalent to 

sup g n (u) < 1. (22) 
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Now, we are ready to finish the proof of the theorem. 

[Necessity] Fix n such that ||A„||£(a(^)) < n. It follows from the argument above 
that ([H]) holds. Now, we immediately infer from Lemma [TU] and the definition of 
#„(•) that 



limsup — T^y^U )2 1 -'u')<l, 



which is equivalent to (|T0|) . Thus, 
limsup . : = limsup < limsup — -—- > -0(2 w ) < 1. 



Suppose that © fails. We have 

r ^(«') -1 
lim sup . . = 1 

U^Q 1p(U) 

for every I > 1. Since (™J2 1_,s u s > for every s = 1, 2, • • • ,n and every suffi- 

ciently small u, we have 

UmsU p — Y 0( f ^ 2 1 - s u s ) > limsup n ^ + ^ = 1. 



This contradicts with (fTOf and completes the proof of necessity. 

[Sufficiency] Fix k > 2 (respectively, I > 2) such that (J8j) (respectively, ([9])) holds. 
Then, for sufficiently large n, (ITU1) also holds. By Lemma [TQ1 we have 

limsup g„(u) < 1 (23) 

for all sufficiently large n. By Proposition |H1 we have g n (u) < 1 for all sufficiently 
large n and for all u € (0,1]. Therefore, by (j2"3")h (j2"2"j) holds for sufficiently large 
n. Then (see the argument at the beginning of the proof), | |^4n 1 1 z:(A(v)) < n f° r 
sufficiently large n. □ 

Combining Theorems [Tl and 1111 we have 

Corollary 13. For every function ip, one of the following two mutually excluding 
alternatives holds. 

(1) There exist q € [i, 1) and C > 0, such that the operator A n : A(ip) — > A(^>) 
satisfies 

\\A n \\c(E) <C-n q , n>l. 

(2) Either for every k G N, 

l imsup ^M = fc (24 ) 

or /or every I £ N, 

limsup ^^ = 1. (25) 



11 ->o 



Remark 14. (i) The condition (|24[) is equivalent to the assumption /?a(»/>) — !• 
(ii) 77ie condition (|25[) implies (but not equivalent to) the condition a^uj = 0. 
7n i/ie /asi section of this paper, we will present an example ip 6 \t failing 
(|25|) smc/i t/iat </ie Lorentz space A( - 0) /aifa i/ie Kruglov property. 
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5. Operators A n , n > 1 in Orlicz spaces exp(L p ). 

The space exp(L p ) satisfies Kruglov property if and only if p < 1 (see [3 E])- 
The space exp(L p ) is 2-convex for all < p < oo (see e.g. [15j l.d]). Now, 
we immediately infer from [5] that Tiid(exp(L p )o) = Ti(exp(L p )o) = [1,2] for all 
< p < 1 (here, exp(L p ) is the separable part of the space exp(L p )). Using 
Remark^ we have ||A n ||£( eX p(i ) ) < const ■ for all n > 1 and < p < 1. It 
easily follows that in fact, ||^4n||£(ea;p(L p )) < const ■ n^ for all n > 1 and < p < 1. 
In this section, we prove the estimate ||^4 n ||£(ea;p(L p )) < const ■ n^ (respectively, 
||^n||£(exp(L p )) < const • n 1-1 / p ) for all 1 < p < 2 (respectively, 2 < p < oo.) To 
this end, it is convenient to view exp(L p ) as a Marcinkicwicz space M(x/) p ) with 
-0 P (i) = flogp(f) (see [3l Lemma 4.3]). The following simple lemma is crucial. 

Lemma 15. There exists \& 9 ~ ^2, swc/i i/iai i/ie random variable tp' <g> r is 
Gaussian. 

Proof. Setting F(t) := -JL J t °° e~ z ~dz, t > and denoting its inverse by G, we 
clearly have that G <S> r is Gaussian. From the obvious inequality 

ci -e- 2 ' 2 < F(t) < c 2 e~ t \ 
substituting t = G(z), we obtain 

Cl • e~ 2G2 ^ < z < c 2 e- G ^ 

J=log*(^-)<G(z)<log*(^). 
V 2 z z 

f G{z)dz ~ f\ogH-)dz ~ tlogi(^) = ^,(t). 

□ 

(i) For every 1 < p < 2, we /iave 1 1 j4n. 1 1 ,c(ea;y)( i^)) ^ consty/n. 
(ii) For every 2 < p < oo, we /la-ue ||A n || J c( ea! p(x ) , > )) < const ■ n 1_1 / p . 

Proof, (i). By LemmafTolerEpfL^ = M(ip), if> £ ^> where T/>'<g>r is Gaussian. Recall 
the following description of the extreme points of the unit ball in Marcinkiewicz 
spaces (see [H]): a function / is an extreme point of the unit ball in M(ip) if and 
only if /* = ip'. Since | \A n x\ \m{^) = IIAi^'IIm^) for any x G with x* = ip', 
we infer that | l-An^'l Im(v>) = I l^-re I |jC(Af (v)) •> ti>1. Since the tp't&ris Gaussian, the 
function 

(V>'®r)i H \-(i>'®r) n 

\fn 

is also Guassian, in particular, its rearrangement coincides with ip'. This means 
ll^n||£(A/^) = V™- The result now follows by interpolation between exp(Li) and 
exp(L 2 ), since for every < p\ < p 2 < oo we have 

[exp(L Pl ),exp(L P2 )]e <00 = exp(L p ) 

with i = ^ + (see, for example [5]). 

(ii). Noting that H^-nHz^L^) = n, n > 1, the assertion follows from (i) by 
applying the real method of interpolation to the couple (exp(L 2 ), Loo) as above. □ 



or, equivalently, 



This means 

m = 



Theorem 16. 
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6. Applications to Banach-Saks index sets 

The first main result of this section characterizing a subclass of the class of all 
r.i. spaces E such that Ta d (E) = T{(E) is given in Theorem [TBI below. We firstly 
need a modification of the subsequence splitting result from [201 Theorem 3.2]. We 
present necessary details of the proof for convenience of the reader. 

Theorem 17. Let {x n } n >i be a weakly null sequence of independent functions 
in a separable r.i. space E with the Fatou property. Then, there exists a subse- 
quence {y n }n>i C {x n } n >i, which can be split as y n = u n + v n + w n ,n > 1. Here 
{u n }n>i is a weakly null sequence of independent identically distributed functions, 
the sequence {v n } n >i is also weakly null and consists of the elements with pairwise 
disjoint support and \\w n \\E — > asn->oo. 

Proof. Let the probability space {£l,V) be the infinite direct product of measure 
spaces ([0, l],m). Without loss of generality, we assume that E — E{VL) and that 
each function x n depends only on the n— th coordinate. That is the following holds 

x n = 1 ® ■ ■ ■ ® l ®h n ® 1 ® • • • , h n eE(0,l), n>l. 

(n — 1) times 

Consider the sequence {g n }n>i = {Ki}n>i C E(0, 1). Since 

\\Xn\\E = \\9n\\E > \\g n X[0,s]\\E > 9n(s)\\X[0,s]\\E, S G [0, 1] 

and the sequence {x n } is bounded, it follows from Helly Selection theorem that 
there exists a subsequence {g^} C {g n }, which converges almost everywhere on 
[|, 1]. Repeating the argument, we get a subsequence {g^} C {ff^}, which converges 
almost everywhere on [|, 1], etc. Thus, there exists a function h g L%(0, 1) to which 
the diagonal sequence {<7™}n>i = {(^n)*}n>i converges almost everywhere. The 
Fatou property of E guarantees that h £ E(0, 1) and ||/i||b < 1. There is an operator 
P n : Li(0, 1) Li(0,l) of the form (P„a;)(t) = a(t)i(7(t)) (here |a(i)| = 1 and 7 
is a measure preserving transformation of the interval (0, 1) into itself), such that 
P n9 ™ = h%, n > 1 (see e.g. [13]). Now, put 

y n := 1 ® 1 ® • • • ® 1 ® /i™ ® 1 • • • , n > 1, 

u„ := 1 (g) 1 (g) • • • (g) 1 (g) (P n ft) (g 1 • • • , n > 1. 

It is clear, that functions u n are independent, z-z-z-z The proof is finished by 
repeating the remaining argument from |201 Theorem 3.2]. □ 

Theorem 18. For an arbitrary separable r.i. space E with the Fatou property, we 
have 

T iid (E) = T^E) ^ r m (E) C T d (E). 

Proof. If T iid (E) = Ti{E), then the embedding T iid (E) C r d (P) follows imme- 
diately from [U Lemma 4.1(h)]. Suppose now that Fiid(-E) C T d (E) and let 
{fk}k>i C E be a normalized weakly null sequence of independent random variables 
on [0,1]. Passing to a subsequence and applying the preceding theorem, we may 
assume that /„ = u n + v n + w n ,n > 1, where {u n } n >i is a weakly null sequence of 
independent identically distributed functions, the sequence {v n } n >i is also weakly 
null and consists of the elements with pairwise disjoint support and ||w n ||E — > as 
n — > 00. Due to the latter convergence, we may assume without loss of generality 
that < 2 _fc and so for every subsequence {z n } C {w n }, we have 

n 

\\^z k \\ E < 1. 

k=l 
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If, in addition, ~ 6 Tm(E), then our assumptions also guarantee that there are 
constants C2, C3 > 

n n 

||£> fe || B <C 2 -^, \\J2 v k\\E<C 3 -n". 
fc=i fc=i 

□ 

We will illustrate the result above in the settings of: (a) r.i. spaces satisfying 
an upper 2-estimate; (j3) Lorentz spaces A(<p) and Marcinkiewicz spaces M((p)o, 
(p 6 and (7) classical L p , g -spaces. 

(a) Recall that a Banach lattice X is said to satisfy an upper 2— estimate, if 
there exists a constant C > such that for every finite sequence (xi)V_ of pairwise 
disjoint elements in X 

n 

i=i 

Corollary 19. If E is a separable r.i. space with the Fatou property and satisfying 
an upper 2-estimate, then Ta&(E) = Ti(E). 

Proof. The assumption that the space E satisfies an upper 2-estimate implies im- 
mediately that 2 € T d (E) and hence [1,2] C T d (E). Noting that r Ud (.E) C [1,2] 
(see [TJ Lemma 4.1(i)] the result now follows from Theorem [THJ □ 

((3) Although Lorentz spaces do not satisfy an upper 2-estimate, we have 

r«,(A(V0) = [Loo) 

(see e.g. the proof of [TJ Corollary 4.8]) and similarly, Td(M(ijj) ) = [1, 00) (see e.g. 
[TJ p. 897]) for any ip G Although, the Marcinkiewicz spaces (M(i/j)o) do not 
possess the Fatou property, applying the modification of Theorem [T7] similar to to 
[TJ Lemma 3.6], we obtain the following corollary from Theorem 1181 

Corollary 20. For every ip € we have F i (A(i/')) = F iid (A(?/')) and F i (Af(?A)o) = 

r iId (M(v>) ). 

(7) We will now show that the equality Ti(E) = Tm(E) fails in the important 
subclass of r.i. space which plays a significant role in the interpolation theory 
[131 [TS]. Recall the definition of the Lorentz spaces L p>q , 1 < p, q < 00: x G L p ? if 
and only if the quasi-norm 

\o 

is finite. The expression || • \\ p _ q is a norm if 1 q ^ p and is equivalent to a 
(Banach) norm if q > p. 

We will now show that Ti(L Pvq ) ^ T ii( i(Lp^), provided 1 < q < p < 2. To this 
end, we firstly observe that every normalized sequence {v n } n >i C L VA of functions 
with disjoint support contains a subsequence spanning the space l q (see [9j Lemma 
2.1]). In particular, Ld(L p , g ) C T(l q ) = [l,q] and so, by [JJ Lemma 4.1(h)], we 
have Fi(L p . g ) C [l,q]. Next, it is proved in [TJ Corollary 5.2] (see also [35]) z-z-z-z 
that if p < 2 then for every sequence of identically distributed independent random 
variables we have 

n 

II ^2 x k = o(np), 
fc=l 



1/ ^ 



x 
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which implies, in particular, that [l,p] C Ta^Lp^). This shows that (q,p] Q 
riid(ip.g) \ ^i(L p ,g) as soon as 1 < q < p < 2. 

Our second main result in this section completely characterizes the subclass of all 
Lorentz spaces A(tp), tp £ VP whose Banach-Saks index set Lj(A(?/>)) is non-trivial. 

Theorem 21. ^^(A^)) ^ {1} if and only if the function -0 satisfies conditions 
© and © for some k,l>2. 

Proof. Let {fk}k>i C A(-0) be a normalized weakly null sequence of independent 
identically distributed random variables on [0, 1]. Note that we automatically have 
Jo fkdm = 0,k>l. 

Using standard symmetrization trick, we consider another sequence {/k}fc>i of 
independent random variables (which is also independent with respect to the se- 
quence {fk}k>i) such that f' k is equidistributed with and define hk '•= fk ~ fki 
k > 1. Clearly, {hk}k>i is a sequence of independent symmetric identically dis- 
tributed random variables. Noting, that by Proposition 11, p. 6], we have 

n n 

ii /fciuwo ^ c ° nst • ii ^iuw>)> n > i- 

fc=l k=l 

Now, if -0 satisfies conditions (0 and ©, then it follows from Corollary ITBI that 
II Efe=i ^ifc||A(i/>) < const ■ n q for some q £ (0,1) and hence - £ Tm{A{^j)). Con- 
versely, let i € riid(A(-0)) for some q £ (0,1). Fix / £ A{\jj) and consider the 
sequence {(/®r)„} n >i C A(i/>)(f2, V), where the probability space (£l,V) is the in- 
finite direct product of measure spaces ([0, 1], m). Since Lorentz spaces A(ip)(Ct, V) 
and A(-0)(0, 1) are isometric, and since the sequence {(/ (g> r) n } n >i is weakly null 
in A(i/j)(SI,V) ( see e.g. [21] Lemma 3.4]), we have 

sup ±-\\(f ® r)i + (/ ® r) 2 + ■■■ + (/ ® r)„|| AW < C(/). 

n>l ^ 

Setting, B„ := ^A n , n > 1 we have ||S n /|| AW < C(/) for every n > 1. By the 
uniform boundedness principle, we have ||-Bti||,c(A(i/>)) < C* < oo for all n > 1, or 
equivalently that ||-An||£(A(i/>)l < C • n 9 , n > 1. Corollary 9 now yields that the 
function ijj satisfies conditions (|8|) and (|9]). □ 

The following Corollary follows immediately from the above combined with 
Corollary HD1 

Corollary 22. ri(A(^)) ^ {1}, if and only if the function ip £ ^ satisfies condi- 
tions and ([9]) for some k, I > 2. 

We complete this section with the description of Ti(exp(L p )o), 1 < p < oo. 

Theorem 23. For every 1 < p < 2, we /lave Fiid(exp(L p )o) = Ti(ea;p(Lp)o) = 
[1,2]. For every 2 < p < oo, we /iaue T iid (exp(L p ) ) = Ti(exp(L p ) a ) = [1, ^-]. 

Proof. The first assertion follows from Remark [2j Theorem \W\ and Corollary l20l 
The same argument shows that Ti(exp(L p )o) D [1, ^zy] for every 2 < p < oo. The 
equality ri(eccp(Lj,)o) = [1, ^-] follows from the fact that the estimate 

\\A n X[o,i]\\exp(L p ) < const ■ n 1 ' 1 ^', n > 1 



is the best possible (see [TTl Theorem 8] or [TUJ Theorem 15]). 



□ 



16 



7. Concluding Remarks and Examples 

The preceding theorem shows that the set Ti(exp(L p )o) is non-trivial for all 
1 < p < oo, whereas exp(L p ) has the Kruglov property if and only if < p < 1. 
This result extends and complements [2], where examples of r.i. spaces E with 
Kruglov property such that T(E) = {1} and T[(E) ^ {1} are built. We now 
present an example of Lorentz space A(ip) such that Ti(A(ip)) ^ {1} and which 
docs not possess the Kruglov property. 

Example 24. Let tp 6 \& be given by the condition tp(t) :— — r — , t <E [0, e~i] and 

log3(i) 

be linear on [e~7 1]. The space A(ip) does not have the Kruglov property, however 
r i(A(^)) 7^ {1} 

Proof. Since for every k, I > 1 we have 

,. ip(ku) .. , log(u) . i 1 , .. %/}(u l ) ,, . log(u).i 1 
hm '- = lim( - 7 ' )■> = l<k, hm = hm( 1 7 = — < 1 

u-J-0 u^O log(fcu) u^O log(M') /3 

we see that r;(A(») # {1} by Corollary 9. 

By [TJ Theorem 5.1] a Lorentz space A(4>), G f has the Kruglov property if 
and only if 

1 °° £ n 

sup , , . > ) < oo. 

t>o0(*)^ n nl ; 

In our case, for every fixed i < e~5 



V 



t» 1 



71=1 



^ (log(n!) + nlog(i))l ^ (n!og(n)(l + o(l)))V2 

□ 
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